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A PROOF OF BOCA’S THEOREM
KENNETH R. DAVIDSON AND EVGENIOS T.A. KAKARIADIS
Abstract. We give a general method of extending unital com-
pletely positive maps to amalgamated free products of C*-algebras.
As an application we give a dilation theoretic proof of Boca’s The-
orem.
1. Introduction
The amalgamated free product of C*-algebras has become a stan-
dard construction in the subject. It is central in studying group C*-
algebras, free probability, quantum information, dynamical systems on
C*-algebras, and the Connes Embedding Conjecture via its connection
to Kirchberg’s conjecture and also to Tsirelson’s conjectures. Boca’s
result on completely positive maps on amalgamated free products has
become a useful technical tool in this endeavour. A comprehensive
survey would be too time consuming for this short note.
Avitzour [2] showed that states on two C*-algebras can be extended
to a state on the free product of the two C*-algebras. Boca’s Theo-
rem [4] shows that unital completely positive maps on two C*-algebras
agreeing on a common C*-subalgebra can be extended to a unital com-
pletely positive map on their amalgamated free product. However his
method requires some additional structure, and yields additional struc-
ture. Here we give a simple proof of the basic result that does not re-
quire these added hypotheses, and then we explain how the argument
can be modified to yield Boca’s actual theorem.
To fix notation, let tAiuiPI be a family of unital C*-algebras with
a common unital C*-subalgebra B, i.e., there are unital imbeddings
εi : B Ñ Ai. The amalgamated free product ˇ˚BAi is an appropriate
completion of the ˚-algebraic amalgamated free product ˚B Ai. It is
the universal C*-algebra generated by
Ť
i ϕipAiq, for imbeddings tϕiuiPI
with ϕiεi “ ϕjεj, such that: every family of ˚-representations
tψi : Ai Ñ BpHq | ψiεi “ ψjεj for i, j P Iu
lifts to a ˚-representation pi : ˇ˚BAi Ñ BpHq such that ψi “ piϕi.
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If we assume the existence of conditional expectations Ei : Ai Ñ B
for i P I, then the ˚-algebraic amalgamated free product, as a linear
space, takes the form
(1.1) ˚
B
Ai “ B ‘
ÿ
‘
i1¨¨¨inPS
pkerEi1 bB ¨ ¨ ¨ bB kerEinq
where bB denotes the bimodule tensor product, and
(1.2) S :“ ti1 ¨ ¨ ¨ in : n ě 1, i1, . . . , in P I, i1 ‰ ¨ ¨ ¨ ‰ inu
is the set of non-empty words in the alphabet I that contain no sub-
words of the form ii. See [2] or [6, Proof of Theorem 3.1]. It is
natural to use (1.1) for extending linear maps canonically. Indeed let
tΦi : Ai Ñ BpHquiPI be unital completely positive maps which restrict
to a common ˚-representation ρ of B. Then one can directly define a
linear map Φ on ˚B Ai given by
(1.3) Φpbq “ ρpbq and Φpai1 ˚ ¨ ¨ ¨ ˚ ainq :“ Φi1pai1q ¨ ¨ ¨Φinpainq
for b P B and aik P kerEik when i1 ¨ ¨ ¨ in P S. Boca shows that Φ
extends to a unital completely positive map of ˇ˚BAi. Applying this to
B “ C yields the fact that unital completely positive maps of Ai into
a common Hilbert space extend to a unital completely positive map of
ˇ˚Ai.
To achieve his results, Boca verifies matrix inequalities for elements
in ˚B Ai. However this line of reasoning does not apply in the absence
of expectations. Here we present a method that tackles this problem
by exploiting the ideas of [7]. This produces an explicit Stinespring
dilation of the desired completely positive map. Boca [5] produces an
explicit Stinespring dilation by different methods when expectations
are available. With additional care, our arguments also provide an
alternative proof of Boca’s result.
Our strategy is to dilate the maps tΦiuiPI to ˚-representations tpii :
Ai Ñ BpKquiPI on a common Hilbert space K that agree on B. The
universal property will then provide a ˚-representation pi of ˇ˚BAi. The
compression of pi to H yields the desired completely positive map Φ
(Theorem 3.1). We further use this to construct a unital completely
positive extension in the case where the Φi agree just as linear maps
on B. Under the additional structure of [4], we can construct Φ so
that (1.3) holds, and thus it coincides with Boca’s map. Actually we
do more here. Given a sub-family of expectations tEj : Aj Ñ BujPJ
for J Ă I, we can construct Φ that satisfies (1.3) for i1, . . . , in P J
(Theorem 3.4).
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2. Preliminaries
Let I be an index set of arbitrary cardinality. Fix a family tAiuiPI
of unital C*-algebras that contain a common unital C*-subalgebra B
in the sense that there are faithful unital imbeddings εi : B Ñ Ai for
i P I. We denote by ˚B Ai the ˚-algebraic amalgamated free product
with canonical imbeddings ϕi : Ai Ñ ˚B Ai. The amalgamated free
product ˇ˚BAi of C*-algebras tAiuiPI is then its quotient completion
with respect to the seminorm
}x} :“ supt}pipxq} : pi is a ˚-representation of ˚
B
Aiu.
The supremum is finite since the piϕi are ˚-representations of Ai. The
existence of ˇ˚BAi is then routine; e.g. [7, p. 88]. Blackadar [3, The-
orem 3.1] shows that such a pi can be constructed so that the piϕi are
isometric. Therefore the canonical imbeddings Ai Ñ ˇ˚BAi for i P I
are isometric; and henceforth we will suppress their use. Notice that a
˚-representation pi of ˇ˚BAi satisfies piεi “ piεj for all i, j P I.
Pedersen [11] shows that if B Ă C1 Ă A1 and B Ă C2 Ă A2 are
unital inclusions of C*-algebras, then the natural map of C1 ˇ˚C2 into
A1 ˇ˚A2 given by the universal property is injective. An alternative
proof was given later by Armstrong, Dykema, Exel and Li [1]. This
result can be extended to free products of finitely many C*-algebras.
With Fuller, the authors gave a direct extension of these arguments
in [7, Lemma 5.3.18]. Even though [7, Lemma 5.3.18] treats the finite
case, the reasoning can be applied verbatim to tackle arbitrary families.
We sketch the proof because we wish to establish some notation.
The following elementary fact will be used repeatedly. Suppose that
Φ is a unital completely positive map of a C*-algebra A into BpHq,
and B is a C*-subalgebra of A such that Φ|B is a ˚-representation.
Then given any Stinespring dilation pi : A Ñ BpH ‘ H 1q of Φ, the
space H reduces pipBq. This follows because the compression of a ˚-
representation to a subspace is multiplicative only when the subspace
is invariant.
Lemma 2.1. Let B be a unital C*-algebra. Let tAiuiPI be a family
of unital C*-algebras with faithful unital imbeddings εi : B Ñ Ai, and
suppose that there are ˚-representations ρi : B Ñ BpHiq for i P I. Then
there are a Hilbert space K containing
ř‘
iPI Hi and ˚-representations
pii : Ai Ñ BpK aHiq such that the pii agree on B in the sense that
ρi ‘ piiεi “ ρj ‘ pijεj for all i, j P I.
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Proof. Recall that S is the set of non-empty words in I that contain
no subwords of the form ii. For a word i1 ¨ ¨ ¨ in in I, we set
spi1 ¨ ¨ ¨ inq :“ in and |i1 ¨ ¨ ¨ in| :“ n.
We will recursively define Hilbert spaces Hw for w P S with |w| ě 2,
˚-representations ρw : B Ñ BpHwq, and for u P S and i ‰ spuq,
we will construct a ˚-representation pii,u : Ai Ñ BpHu ‘ Huiq so that
pii,uεi “ ρu ‘ ρui.
By hypothesis, the ρj are defined for j P I. Consider them as unital
completely positive maps of B into BpHjq. For each i ‰ j, use Arve-
son’s extension theorem to extend ρj to a completely positive map of Ai
into BpHjq, and then apply Stinespring’s dilation theorem
1 to obtain a
˚-representation pii,j : Ai Ñ BpHj ‘Hjiq. By the remark preceding the
lemma, pii,jεipBq reduces Hj (and hence also Hji). So we may define a
˚-representation ρji :“ PHjipii,jεi. We then have pii,jεi “ ρj ‘ ρji.
Now consider k ě 2. Suppose that the Hw are defined for w P S with
|w| ď k, that ρw : B Ñ BpHwq are ˚-representations, and that there are
˚-representations pii,u of Ai on Hu ‘Hui whenever u P S with |u| ă k
and spuq ‰ i such that pii,uεi “ ρu ‘ ρui. If |w| “ k and i ‰ spwq,
use Arveson’s extension theorem to extend ρw to a completely positive
map of Ai into BpHwq. Then apply Stinespring’s dilation theorem to
obtain a ˚-representation pii,w : Ai Ñ BpHw ‘ Hwiq. By the remark
preceding the lemma, pii,wεipBq reduces Hw (and hence also Hwi). So
we may define a ˚-representation ρwi :“ PHwipii,wεi. We then have
pii,wεi “ ρw ‘ ρwi. This completes the induction.
Set K “
ř‘
wPSHw. Define pii “
ř‘
spwq‰i pii,w, which is a ˚- represent-
ation of Ai on ÿ
‘
spwq‰i
Hw ‘Hwi “
ÿ
‘
uPS, u‰i
Hu “ K aHi.
Moreover
piiεi “
ÿ
‘
spwq‰i
ρw ‘ ρwi “
ÿ
‘
uPS, u‰i
ρu.
Thus ρi ‘ piiεi “
ř‘
uPS ρu is independent of i.
As a consequence we get the imbedding of [11, 1, 7] for arbitrary
families of C*-algebras.
Corollary 2.2. Let tCiuiPI and tAiuiPI be families of unital C*-algebras
such that B Ă Ci Ă Ai for a common unital C*-subalgebra B. Then
ˇ˚BCi Ă ˇ˚BAi via the natural inclusion map.
1 Alternatively we may use the more elementary result [10, Proposition 2.10.2].
For reasons that will become clear later, we do not follow this route.
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In particular, if J is a non-empty subset of I, then ˇ˚
iPJ
B Ai Ă ˇ˚BAi
via the natural inclusion map.
Proof. For the first part, let σ : ˇ˚BCi Ñ BpHq be a faithful ˚-repre-
sentation. We can find Hilbert spaces Hi and extend every σi :“ σ|Ci
to a ˚-representation rσi : Ai Ñ BpH ‘Hiq. Since σiεi is a ˚-represent-
ation of B on H , we can decompose rσiεi “ σiεi ‘ ρi. Hence we can
apply Lemma 2.1 to ρi : B Ñ BpHiq and obtain the ˚-representations
pii : Ai Ñ BpK aHiq such that
ρi ‘ piiεi “ ρj ‘ pijεj .
Define τi : Ai Ñ BpH ‘ Kq by τi “ rσi ‘ pii. Since σiεi “ σjεj, this
construction yields
τiεi “ σiεi ‘ ρi ‘ piiεi “ σjεj ‘ ρj ‘ pijεj “ τjεj.
The universal property of the amalgamated free product then yields a
˚-representation of ˇ˚BAi that extends σ. On the other hand every ˚-
representation of ˚B Ai restricts to a ˚-representation of ˚B Ci. Hence
the canonical inclusion map ˚B Ci ãÑ ˚B Ai extends to an isometry
on their completions.
We can now apply this to the family tCiuiPI given by
Ci “
#
Ai if i P J,
B if i R J.
Notice that
˚
B
Ci “ p˚
iPJ
B
Aiq˚Bp˚
iRJ
B
Bq “ p˚
iPJ
B
Aiq˚BB “ p˚
iPJ
B
Aiq.
The second claim then follows, since the ˚-representations of ˚iPJB Ai
and ˚B Ci coincide.
The free product construction can be readily formulated when Ai are
possibly non-selfadjoint. They have been studied first by Duncan [9].
Their theory was later established in [7, Section 5.3], and exhibited
in an alternative way by Dor-On and Salomon [8, Section 4]. Dor-On
and Salomon [8, Proposition 4.3] develop similar dilation techniques
and establish Corollary 2.2 in that generality.
3. Free products of ucp maps
We first establish that there is always a common extension of unital
completely positive maps on each Ai to the amalgamated free product
when they restrict to a common ˚-representation on B. As this does
not require expectations, it is a natural extension of Boca’s result.
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Theorem 3.1. Let B be a unital C*-algebra. Let tAiuiPI be a family
of unital C*-algebras and let εi : B Ñ Ai be faithful unital imbeddings.
Let Φi : Ai Ñ BpHq be unital completely positive maps which restrict
to a common ˚-representation of B. Then there is a unital completely
positive map Φ : ˇ˚BAi Ñ BpHq such that Φ|Ai “ Φi for all i P I.
Proof. By hypothesis ρ0 “ Φiεi is a ˚-representation of B which is
independent of i P I. Use Stinespring’s Theorem to dilate each Φi to
a ˚-representation σi of Ai on H ‘Hi such that Φipaq “ PHσipaq|H for
a P Ai. Since Φiεi “ ρ0 is a ˚-representation, it follows that σiεi “
ρ0‘ ρi is a direct sum of ˚-representations of B on H and Hi. Now we
apply Lemma 2.1 to the family of ˚-representations ρi : B Ñ BpHiq for
i P I, and obtain ˚-representations pii : Ai Ñ BpK aHiq such that
ρi ‘ piiεi “ ρj ‘ pijεj .
Then the ˚-representations
τi :“ σi ‘ pii : Ai Ñ BpH ‘Kq
agree on B, i.e. τiεi “ τjεj . By the universal property of free products,
there is a ˚-representation
τ : ˇ˚BAi Ñ BpH ‘Kq with τ |Ai “ τi.
Then Φ “ PHτ |H is the required completely positive map.
We can extend Theorem 3.1 to the case where the Φi agree just as
linear maps on B.
Theorem 3.2. Let B be a unital C*-algebra. Let tAiuiPI be a family
of unital C*-algebras and let εi : B Ñ Ai be faithful unital imbeddings.
Let Φi : Ai Ñ BpHq be unital completely positive maps which restrict to
a common linear map of B. Then there is a unital completely positive
map Φ : ˇ˚BAi Ñ BpHq such that Φ|Ai “ Φi for all i P I.
Proof. By hypothesis Φ0 “ Φiεi is a unital completely positive map of
B into BpHq which is independent of i P I. Let σi : Ai Ñ BpH‘Hiq be
a Stinespring dilation of each Φi and set Mi “ σiεipBqH . This is the
minimal reducing subspace for σiεipBq, and thus determines a minimal
Stinespring dilation ρi of Φ0, namely
ρi :“ PMiσiεi : B Ñ BpMiq.
Fix some i0 P I. By uniqueness of the minimal dilation, there are
unitary operators Ui :Mi0 ÑMi such that
Ui|H “ IH and U
˚
i ρipbqUi “ ρi0pbq for all b P B.
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Define unital completely positive maps of Ai into BpMi0q by
Ψipaq “ U
˚
i PMiσipaqUi for all a P Ai.
Notice that they restrict to the common ˚-representation ρi0 on B.
Thus by Theorem 3.1, there is a unital completely positive map Ψ :
ˇ˚BAi Ñ BpMi0q such that Ψ|Ai “ Ψi. For a P Ai we have
PHU
˚
i PMiσipaqUi|H “ PHσipaq|H “ Φipaq.
Therefore the compression Φ “ PHΨ|H is the required map.
We can modify the construction of Theorem 3.1 to prove Boca’s
result. We use the following lemma.
Lemma 3.3. Begin with the same setup and notation as in Lemma 2.1
and its proof. Furthermore assume that there is a subset J Ă I for
which there are conditional expectations Ej of Aj onto B for j P J .
Then there are ˚-representations pii : Ai Ñ BpK aHiq such that
ρi ‘ piiεi “ ρj ‘ pijεj for all i, j P I
with the additional property that pijpaqHw Ă Hwj whenever a P kerEj
for j P J and spwq ‰ j.
Proof. The only change to the proof of Lemma 2.1 is in the con-
struction of the ˚-representations pij,w for j P J and spwq ‰ j. For
these pj, wq we will use the completely positive map ρwEj from Aj into
BpHwq. Then use Stinespring’s Dilation Theorem to obtain the ˚-rep-
resentation pij,w of Aj into BpHw‘Hwjq such that ρwEj “ PHwpij,w|Hw .
Since kerEj is in the kernel of this completely positive map, we obtain
the matrix form with respect to the decomposition Hw ‘Hwj
pijpaq|Hw‘Hwj “ pij,wpaq “
„
0 ˚
˚ ˚

for a P kerEj . This means that pijpaqHw Ă Hwj.
We are now able to give the dilation theoretic proof that generalizes
[4, Theorem 3.1]. This provides an explicit Stinespring dilation, which
Boca accomplished in his setting in [5].
Theorem 3.4. Let tAiuiPI be unital C*-algebras containing a common
unital C*-subalgebra B, and suppose that there are conditional expec-
tations Ej of Aj onto B for j P J Ă I. Let Φi : Ai Ñ BpHq be unital
completely positive maps which restrict to a common ˚-representation
of B. Then there is a unital completely positive map Φ : ˇ˚BAi Ñ BpHq
such that Φ|Ai “ Φi for all i P I, and
(3.1) Φpan ¨ ¨ ¨ a1q “ Φjnpanq ¨ ¨ ¨Φj1pa1q
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when all jk P J , ak P kerEjk Ă Ajk , and j1 ‰ ¨ ¨ ¨ ‰ jn.
Proof. The construction is identical to the proof of Theorem 3.1 except
that we use the refinement in Lemma 3.3. Therefore we now have ˚-
representations
τi :“ σi ‘ pii : Ai Ñ B
`
H ‘
ÿ
‘
wPS
Hw
˘
such that for h P H and a P Ai,
τipaqh P Φipaqh`Hi for all i P I,
and in addition
pijpkerEjqHw Ă Hwj when j P J and spwq ‰ j.
It remains only to verify the identity (3.1). By construction we have
Φpan ¨ ¨ ¨ a1q “ PHτjnpanq ¨ ¨ ¨ τj1pa1q|H .
We will show by induction that for h P H ,
τjnpanq ¨ ¨ ¨ τj1pa1qh P Φjnpanq ¨ ¨ ¨Φj1pa1qh`
ÿ
‘
spwq“jn
Hw
when all jk P J , ak P kerEjk Ă Ajk , and j1 ‰ ¨ ¨ ¨ ‰ jn. This holds for
n “ 1. Assuming the result for n´ 1, we see that
τjnpanq ¨ ¨ ¨ τj1pa1qh P τjnpanq
´
Φjn´1pan´1q ¨ ¨ ¨Φj1pa1qh`
ÿ
‘
spwq“jn´1
Hw
¯
Ď Φjnpanq ¨ ¨ ¨Φj1pa1qh`Hjn `
ÿ
‘
spwq“jn´1
Hwjn
Ď Φjnpanq ¨ ¨ ¨Φj1pa1qh`
ÿ
‘
spwq“jn
Hw.
By induction, this holds for all n. Compression to H yields that
Φpan ¨ ¨ ¨ a1q “ Φjnpanq ¨ ¨ ¨Φj1pa1q.
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